This paper is concerned with bifurcation and stability in an autoimmune model, which was established to study an important phenomenon -blips arising from such models. This model has two equilibrium solutions, disease-free equilibrium and disease equilibrium. The positivity of the solutions of the model and the global stability of the disease-free equilibrium have been proved. In this paper, we particularly focus on Hopf bifurcation which occurs from the disease equilibrium. We present a detailed study on the use of center manifold theory and normal form theory, and derive the normal form associated with Hopf bifurcation, from which the approximate amplitude of the bifurcating limit cycles and their stability conditions are obtained. Particular attention is also paid to the bifurcation of multiple limit cycles arising from generalized Hopf bifurcation, which may yield bistable phenomenon involving equilibrium and oscillating motion. This result may explain some complex dynamical behavior in real biological systems. Numerical simulations are compared with the analytical predictions to show a very good agreement.
Introduction
Autoimmune diseases arise from an inappropriate immune system in responding against its own cells and tissues, which are normally present in the body. A substantial minority of population, approximately 3% of people in "developed" countries, suffer from over 40 recognized autoimmune diseases [DeFranco et al., 2007] , which are often chronic, depleting and fatal. Some autoimmune diseases show recurrent (or blips) behavior, which was found typically in multifocal osteomyelitis [Girschick et al., 2007; Iyer et al., 2011] , eczema [Fergusson et al., 1990] , subacute discoid lupus erythematosus [Munro, 1963] , and psoriasis [Farber et al., 1986] . During recurrent autoimmune disease, the disease symptoms can disappear spontaneously, but it will occasionally relapse later. Therefore, a profound study on the recurrent dynamics of autoimmune disease is important to obtain a broad understanding of this disease phenomenon.
In immune system, regulatory T (Treg) cells, a subpopulation of T cells, play a crucial role in tolerating the body's own cells and tissues, and suppress the autoimmune response. Treg cells operate primarily at the site of inflammation. The mechanisms for Treg cells modulating the immune reaction is one of the most intensely studied and debated issues, while "there might be a single key mechanism W. Zhang & P. Yu that has a predominant role", as Miyara and Sakaguchi pointed out in [Miyara & Sakaguchi, 2007] . Here, we adopt two mechanisms proposed in a general autoimmune disease model by Alexander and Wahl [2011] . One mechanism is that Treg cells suppress directly on professional antigen presenting cells (pAPCs), which play a vital role in activating naive T cells, and remove pAPCs permanently. The other mechanism is that the Treg cells directly reduce and remove the peripheral auto-reactive effector T cells, which have antigen receptors specific to self-antigens and ready to attack host cells. Phenotypic analysis shows that Treg cells subset is heterogeneous [Sakaguchi et al., 2010] in the expression of HLA-DR, which identifies a terminally differentiated subpopulation of Treg cells with HLA-DR + , called terminal Treg cells. The terminal Treg cells are generated from natural Treg cells proliferation [Sakaguchi et al., 2010] , while suppressing more efficiently and tend to be apoptotic much faster than the natural Treg cells. The following mathematical model was established to model the Treg cells activity in modulating the immune response [Zhang et al., 2014] ,
where the state variables A, R n , R d and E represent the population of the mature pAPCs, the activated natural Treg cells specific for antigen of interest, terminally differentiated Treg cells, and the active auto-reactive effector T cells with specific antigen of interest. The pAPCs are activated at a rate of αE by uptaking self-antigen, which is generated by effector T cells attacking body cells. The relation between effector T cells and self-antigen is linear under quasi-steady state assumption. The pAPCs are suppressed by the Treg cells with specific antigen of interest at a rate of σ 1 (R n + dR d )A, where d is the ratio of suppressive effectiveness between the natural Treg cells and terminally differentiated Treg cells, while the Treg cells with other specificities and therapy can also suppress pAPCs at a rate of b 1 . The natural Treg cells are activated with interaction of the pAPCs in the presence of IL-2 which is generated by the effector T cells at a rate of π 3 E, and by other sources like dendritic cells (DCs) [Field et al., 2007; Scheffold et al., 2005; Scheffold et al., 2007] at a rate of β, and thus the natural Treg cells generation rate is (π 3 E + β)A. The activated natural Treg cells may undergo further differentiation and proliferation [Sakaguchi et al., 2010] at a rate of ξ and give birth to terminally differentiated Treg cells at a rate of cξR n . The vicious effector T cells are activated by the pAPCs bearing a specific antigen receptor, at a rate of λ E A, and are suppressed by the Treg cells with specific antigen of interest at a rate of σ 3 (R n + dR d )E, and the Treg cells with other specifities and therapy at a rate of b 3 E. The death rates of the pAPCs, natural Treg cells, terminally differentiated Treg cells, and effector T cells are µ A , µ n , µ d , and µ E , respectively.
It has been shown in [Zhang et al., 2014 ] that all solutions of (1) are non-negative, if the initial conditions are taken non-negative, and they are bounded. Moreover, a detailed analysis on the stability of equilibrium solutions is also given in [Zhang et al., 2014] . Thus, in this paper, we will focus on the nonlinear study of model (1), in particular on Hopf and generalized Hopf bifurcations, giving rise to multiple limit cycles bifurcating from the disease equilibrium. The rest of the paper is organized as follows. In the next section, we provide a brief summary on the linear analysis of system (1), and find the transcritical and Hopf bifurcations from the equilibrium solutions. Then, in Sec. 3, we devote to nonlinear analysis and focus on Hopf bifurcation. Center manifold theory and normal form theory will be used to find the approximate solution of limit cycles and determine their stability. In Sec. 4, we present a study on generalized Hopf bifurcation, showing that at least two small-amplitude limit cycles can bifurcate from the disease equilibrium. Numerical simulations are given in Sec. 5 to show the good agreement between simulations and analytical predictions. Finally, the conclusion is drawn in Sec. 6.
where the dot denotes differentiation with respect to time t; x and µ are the n-dimensional state variable and m-dimensional parameter variable, respectively. It is assumed that the nonlinear function f (x, µ) is analytic with respect to x and µ. Suppose that the equilibrium solutions of Eq. (2) are given in the form of x e = x e (µ), which are determined from f (x, µ) = 0. To find the stability of x e , evaluating the Jacobian of system (2) at x = x e (µ) yields J(µ) = D x f | x=xe (µ) . If all eigenvalues of J(µ) have nonzero real parts, then the system is said to be hyperbolic and no complex dynamics exists in the vicinity of the equilibrium solution. If at some point µ = µ c , at least one of the eigenvalues of J(µ) has zero real part, then µ c is called a critical point, and bifurcations may occur from x e (µ). To determine the stability of the equilibrium solution, we need to find the eigenvalues of the Jacobian J(µ), which are the roots of the following characteristic polynomial equation:
If for a value of µ, all the roots of the polynomial P n (L) have negative real part, then the equilibrium solution is asymptotically stable for this value of µ. If at least one of the eigenvalues has zero real part as µ crosses a critical point µ c , then the equilibrium solution becomes unstable at µ c and bifurcation occurs from this critical point. When all the roots of P n (L) have negative real part, we call P n (L) a stable polynomial, otherwise an unstable polynomial. In general, for n ≥ 3, it is hard or impossible to find the roots of P n (L). Thus we use the RouthHurwitz criterion [Hinrichsen & Pritchard, 2005] to analyze the local stability of the equilibrium solution x = x e (µ). The criterion states that the necessary and sufficient conditions, under which the corresponding equilibrium is locally asymptotically stable, i.e. all the roots of the characteristic polynomial P n (L) have negative real part, are given by
where ∆ i (µ) are called the ith-principal minors of the Hurwitz arrangements of order n, defined as follows (here, order n means that there are n coefficients a i (i = 1, 2, . . . , n) in Eq. (3), which construct the Hurwitz principal minors):
Suppose as µ is varied to reach a critical point µ = µ c , at least one of ∆ i 's becomes zero, then the fixed point x e (µ c ) becomes unstable, and µ c is called critical point. It is easy to see from Eq. (3) that if a n (µ) = 0 (then ∆ n = 0), but other Hurwitz arrangements are still positive (i.e. ∆ i (µ) > 0, i = 1, 2, . . . , (n − 1)), P n (L) = 0 has one zero root, indicating that system (2) has a simple zero singularity and a static bifurcation occurs from x e . For other complex dynamical behavior, for example, Hopf bifurcation occurs at a critical point at which P n (L) = 0 has a pair of purely imaginary eigenvalues, ±iω (ω > 0). But this pair of purely imaginary eigenvalues are often difficult to be determined explicitly for high dimensional systems. Based on the Hurwitz criterion, the following theorem states the necessary and sufficient conditions for determining a Hopf critical point without computing the eigenvalues of the Jacobian of the corresponding system. Its proof can be found in [Yu, 2005] .
Theorem 1 [Yu, 2005] . The necessary and sufficient conditions for system (2) to have a Hopf bifurcation at an equilibrium solution x = x e is ∆ n−1 = 0, with other Hurwitz conditions being still held, i.e. a n > 0 and ∆ i > 0, for i = 1, . . . , n − 2.
Equilibrium solutions
Having established the results for general nonlinear dynamical systems in the previous subsection, we now return to model (1). The equilibrium solutions of this model can be obtained by simply settinġ A =Ṙ n =Ṙ a =Ė = 0 and solving the resulting algebraic equations, which yields two equilibrium solutions: the disease-free equilibrium E 0 and the disease equilibrium E 1 . They are given by E 0 : (0, 0, 0, 0) 
where A 1 is given in a function of the system parameters, particularly in α, which is implicitly determined by the following fourth-degree polynomial equation in A 1 :
in which the parameter values given in Table 1 have been used. Note that the rational numbers given in this equation are obtained by using symbolic computation in which all the parameter values given in digital format (see Table 1 ) have been transformed to rational numbers for the convenience of computation. The graph showing the component A of the equilibrium solutions E 0 and E 1 , i.e. A = 0 and A = A 1 satisfying F 1 (A 1 , α) = 0, is given in Fig. 1 . Note that a complete bifurcation diagram is depicted in Fig. 1(a) , while its part which has biological meaning is given in Fig. 1(b) . In order to display the biologically meaningful solutions, a three-dimensional plot is shown in Fig. 1(c) , indicating that one branch of each solution in Fig. 1(a) is biologically meaningless.
Stability of the equilibria
For the stability of the disease-free equilibrium E 0 , the characteristic equation method and Lyapunov function method have been used in [Zhang et al., 2014 ] to obtain the following result. Next, consider the stability of the disease equilibrium E 1 . Evaluating the Jacobian of (1) at E 1 yields a fourth-degree characteristic polynomial, given by Based on the characteristic polynomial (8), we consider possible bifurcations from E 1 , including both static bifurcation and dynamic (Hopf) bifurcations. First, the static bifurcation occurs when P 1 (L, A 1 , α) = 0 has zero roots (zero eigenvalues). The simplest case is single zero, i.e. when a 4 (A 1 , α) = 0, and A 1 should simultaneously satisfy F 1 (A 1 , α) = 0 [see Eq. (7)]. Thus, we obtain
where α s is determined from the equation,
Solving F 2 (α s ) = 0 for α s , and then substituting the solutions into A 1s (α s ) using Eq. (9), yields three critical values. The first one defines a transcritical bifurcation point (α t , A t ) = ( 81 400000 , 0) = (0.2025 × 10 −3 , 0), which is exactly the same as that which we obtained from the disease-free equilibrium E 0 , ), which has a negative value for A and so is not biologically interesting [see Fig. 1(a) ]. The third critical value is (α s , A 1s )= (0, 0), which is not allowed since α must take positive values for the components R n and E in the equilibrium solution E 1 [see Eq. (6)]. Therefore, the equation F 2 (α s ) defines a unique transcritical bifurcation point.
Next, we turn to consider possible Hopf bifurcations which may occur from the disease equilibrium E 1 . To achieve this, we apply Theorem 1 to the equilibrium E 1 , where A 1 satisfies the polynomial equation (8)], we apply the formula, ∆ 3 (A 1 , α) = a 1 a 2 a 3 − a 2 3 − a 2 1 a 4 to solve the two polynomial equations, ∆ 3 (A 1 , α) = 0 and F 1 (A 1 , α) = 0, together with the parameter values given in Table 1 , yielding two Hopf bifurcation points: (α H1 , A H1 ) ≈ (0.7867 × 10 −3 , 11.4436), and (α H2 , A H2 ) ≈ (0.5039 × 10 −3 , −13.1534), as shown in Fig. 1(a) . We only take the biologically meaningful point with two positive entries to get a unique Hopf bifurcation point: (α H , A H ) ≈ (0.7867 × 10 −3 , 11.4436). Here, the subscript "H" stands for Hopf bifurcation. At the critical point (α H , A H ), other stability conditions given in Theorem 1 are still satisfied:
As a matter of fact, by using these given parameter values, we may numerically compute the Jacobian of system (1) at the equilibrium E 1 to obtain a purely imaginary pair and two negative real eigenvalues: ±0.2335i, −1.7739, and −0.325. Therefore, the disease equilibrium E 1 is stable for α ∈ (α t , α H ) ≈ (0.2025 × 10 −3 , 0.7867 × 10 −3 ) and loses its stability at α = α H , where a Hopf bifurcation occurs, leading to bifurcation of a family of limit cycles.
In the next section, we will study the Hopf bifurcation from E 1 and use center manifold theory and normal form theory to consider stability and direction of bifurcating limit cycles.
Hopf Bifurcation and Limit
Cycles: Nonlinear Analysis
In this section, we pay attention to the Hopf bifurcation determined in the previous section, and use center manifold theory and normal form theory to find the approximate solutions of the limit cycles and determine their stability. In the following, for convenience, we first briefly describe center manifold theory and normal form theory. Suppose a dynamical system under consideration is described by the following differential equation (D.E.),
where
. . , µ n ) is a parameter vector, and the nonlinear vector function F is assumed to be analytic in x and µ. The equilibrium solution x e = x e (µ) of (11) is determined from F(x, µ) = 0. We consider Hopf bifurcation, so set k = 1 and assume the Jacobian of the system evaluated at the equilibrium solution x e is given by J(µ) = D x F(x e , µ), which has a pair of purely imaginary eigenvalues at a critical point µ = µ c , and other eigenvalues have negative real part. Now, we first apply center manifold theory to reduce the dimension of system (11) and obtain a simplified differential system on the center manifold. Then we apply normal form theory to further simplify the resulting differential system, and perform a bifurcation study of a given type. To achieve this, we introduce a sliding transformation x = x e (µ) + u, and a parameter shifting µ = µ c + µ into system (11) to obtaiṅ
which yields D uF (0, 0) =J whose eigenvalues contain an imaginary pair. In addition, introducing another linear transformation u = T x such that J = T −1J T is in Jordan canonical form, therefore, we obtain the following general D.E.:ẋ
. Now x = 0 is an equilibrium solution of system (12) for any real values of µ, i.e.
λ(·) stands for the eigenvalues of a given matrix. Then, we can rewrite (12) aṡ
where x = (x c , x s ) T , x c and x s are state variables associated with the eigenvalues of the linearized systems with zero and negative real parts, respectively. n c + n s = n (for Hopf bifurcation, n c = 2), and
Moreover , 
In general, the above equation with the boundary conditions h(0; 0) = Dh(0; 0) = 0 cannot be solved analytically. To find the approximation of h(x c ; µ), we use the Taylor series of h(x c ; µ) expanded near (x c ; µ) = (0; 0) with undetermined coefficients, and then expanding (15) and balancing the coefficients of like powers to determine the coefficients in h(x c ; µ), and so an approximation of x s = h(x c ; µ) is obtained.
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We now consider the projection of the vector field on the center manifold . Now applying the method of normal forms to system (16) and putting the result in the polar coordinates, yieldṡ
where r and θ denote the amplitude and phase of motion, respectively; υ 0 and τ 0 can be obtained 
Proof. This is a two-dimensional system. Let
There exists a nonsingular matrix P , given by
which is used in the transformation (
where P −1 is the inverse matrix of P , and
Next, we put the new system (20) in polar coordinates, via y 1 = r sin θ, y 2 = r cos θ. Thus, r 2 = y 2 1 + y 2 2 , and tan θ = y 1 y 2 . Therefore, 2rṙ = 2y 1ẏ1 + 2y 2ẏ2 , yieldinġ
andθ sec 2 θ =ẋ
The proof of Theorem 2 is complete. Note that if the original system is a nonlinear system, given in the general form,ẋ c = f (x c , µ), with f (0, 0) = 0, and
Finally, to find υ 1 , υ 2 , . . . and τ 1 , τ 2 , . . ., we set µ = µ c = 0 in system (16) to consideṙ
and apply normal form theory (e.g. see [Guckenheimer & Holmes, 1990] ) to obtaiṅ
which can be written via
The proof can be found in [Yu, 1998 ]. It should be pointed out that the above two steps in computing the center manifold and normal form of general nonlinear systems can be combined into one procedure, e.g. see [Yu, 1998 [Yu, , 2003 ].
Normal form computation associated with the Hopf bifurcation from E 1
Now we apply normal form theory and the Maple program developed in [Yu, 1998] 
where 
in which 
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Applying the formula (18) to system (24), we obtain
= 34.2047656142,
= 132.8997934535.
Next, substituting µ = 0 into (24) and then applying the Maple program [Yu, 1998 ] yields
Therefore, the normal form associated with this Hopf bifurcation, up to third-order terms, is given bẏ
The steady-state solutions of Eq. (27) are determined byṙ =θ = 0, resulting in
The equilibrium r = 0 represents the disease equilibrium E 1 of model (1). A linear analysis on the first differential equation of (27) shows that
, and thus r = 0 (E 1 ) is stable (unstable) for µ < 0 (> 0), as expected. When µ is increased from negative to cross zero, a Hopf bifurcation occurs and the amplitude of the bifurcating limit cycles is approximated by the nonzero steady state solution,
, it indicates that the Hopf bifurcation is supercritical since v 1 < 0 and so the bifurcating limit cycles are stable. Equation (29) gives the approximate amplitude of the bifurcating limit cycles, while the phase of the motion is determined by θ = ωt, where ω is given by
Having found the nonzero steady-state solution (limit cycle) in terms of r and θ = ωt, the periodic solution of Eq. (24) can be written in a general form:
x 1 (µ) = r cos(ωt) + h 1 (r cos(ωt), r sin(ωt)), x 2 (µ) = −r sin(ωt) + h 2 (r cos(ωt), r sin(ωt)),
while the first-order approximation of the limit cycles is given by
where r and ω are given in Eqs. (29) and (30), respectively. However, in order to get higher-order (e.g. third-order) approximate solutions of the oscillation in terms of the original variables A, R n , R d , and E for a comparison with the numerical simulation to be discussed in the next section, we need the nonlinear transformations (including the center manifold transformation and the normal form transformation) between x i (i = 1, 2, 3, 4), and the polar coordinates (r, θ). Fortunately, these nonlinear transformations can be obtained directly from the computer output of the Maple program [Yu, 1998 ] as follows: 
Finally, with the above transformations we can now use the affine transformation (23) to obtain the periodic solution in terms of the original variables. The comparison between the analytical prediction and numerical simulation is given in Sec. 5.
Generalized Hopf Bifurcation Leading to Multiple Limit Cycles
In the previous sections, we have given a detailed analysis on Hopf bifurcation, which is limited to the bifurcation of single limit cycle. However, disease models may exhibit complex dynamical behaviors caused by bifurcation of multiple limit cycles, yielding bistable or multiple stable solutions involving equilibria and steady motions. It has been noted that such a study is often ignored in the literature on the analysis of practical systems, in particular, on biological systems, since the analysis is not easy even for two-dimensional systems. Most of the published works are limited to bifurcation of single limit cycle with very few of them using numerical simulation to show two limit cycles. In this section, we will use the reduced threedimensional model presented in [Zhang et al., 2014] to prove the existence of two limit cycles bifurcating from a Hopf critical point. To reduce the four-dimensional system (1) to a three-dimensional model, we assume the following: (i) Only the suppression for which Treg (R n and R d ) acts on pAPC (A), not on effector T cells (E), is considered, resulting in σ 3 = 0. (ii) Except for E, the IL-2 sources are not considered, yielding β = 0. (iii) Quasi-steady state assumption is applied to the last equation of model (1), leading tȯ E ≈ 0, and thus the state variable E can be eliminated from the system.
Under the above assumptions, system (1) becomesȦ
To further simplify the analysis, introducing the following transformation,
into (33) we obtain the dimensionless system:
where the new parameters are given by
Here, note that only m 1 contains α which is usually treated as a bifurcation parameter. Using the parameter values given in Table 1 
It is easy to obtain two equilibrium solutions from (35) as follows:
A simple linear analysis based on the Jacobian of (35) shows that when m 1 < m 2 , the disease-free equilibrium E 0 is stable while the disease equilibrium E 1 does not exist; when m 1 > m 2 , E 0 becomes unstable and E 1 emerges. The characteristic polynomial for E 1 is given by
indicating that m 1 = m 2 defines a transcritical bifurcation point between E 0 and E 1 , and there is no static bifurcation from E 1 when m 1 > m 2 .
As a matter of fact, we can treat m 1 − m 2 as a single parameter and thus the transcritical bifurcation point becomes m 1 − m 2 = 0, and in fact the formulas given below on the analysis of Hopf bifurcation indeed does not involve the parameter m 2 if we choose m 1 as the perturbation parameter for the Hopf bifurcation. Therefore, the only possible bifurcation from E 1 is Hopf bifurcation. The critical Hopf bifurcation point is determined by the condition, ∆ 2 = 0, where
It is easy to see that when m 1 > m 2 and m 3 −D > 0, E 1 is always stable, and a Hopf bifurcation occurs from E 1 only if m 3 < D. Hence, the Hopf critical point is defined by 
Moreover, we can show that the transversal condition is satisfied:
Next, introducing the following affine transformation 
into system (35) we obtain
Indeed the system (41) does not involve the parameter m 2 , as expected. Next, we briefly explain how to use the method of normal forms to study bifurcation of multiple limit cycles. Suppose the general nonlinear differential system we are considering is given byẋ = Jx + f (x), where Jx and f (x) represent the linear and nonlinear parts of the system, respectively. We assume f is analytic and f (0) = 0, implying that x = 0 is an equilibrium point of the system, and J is the Jacobian of the system evaluated at the equilibrium point x = 0. Further suppose J contains a purely imaginary pair and its other eigenvalues have negative real part. Then, by applying normal form theory, we can obtain the normal form (17), where v k and τ k are explicitly expressed in terms of the original system's coefficients. v k is called the kth-order focus value of the Hopf-type critical point (the origin).
The basic idea of finding k small-amplitude limit cycles of the systemẋ = Jx + f (x) around the origin is as follows: First, find the conditions such that v 0 = v 1 = · · · = v k−1 = 0 (note that v 0 = 0 is automatically satisfied at the critical point), but v k = 0, and then perform appropriate small perturbations to prove the existence of k limit cycles. The following lemma gives sufficient conditions for the existence of small-amplitude limit cycles. (The proof can be found in [Yu & Han, 2005] .) Now we apply the Maple program developed in [Yu, 1998 ] for computing the normal forms of Hopf and generalized Hopf bifurcation to system (41) to obtain
Lemma 2. Suppose that the focus values of a dynamical system depend on k parameters, expressed as
where C 1 is given in (42) 
It is easy to see that D ± > 0 provided the following condition is satisfied:
We take m 3 = 0.035, m 2 = 2.25, and D = D + = 0.247813 · · ·, for which v 1 = 0 and v 2 ≈ −0.019355. Thus, by Lemma 2 we can conclude that system (35) can have two small-amplitude limit cycles near the equilibrium solution E 1 due to Hopf bifurcation.
Summarizing the above results we have the following theorem. Thus, the truncated normal form equationṙ = v 0 + v 1 r 2 + v 2 r 4 = 0 yields the approximations for the amplitudes of the two limit cycles: r 1 ≈ 0.022704 and r 2 ≈ 0.138669. Since v 0 < 0 and v 2 < 0, the equilibrium point E 1 : (X, Y, Z) = (0.333532, 3.178398, 3.178398) and the outer limit cycle are stable, while the inner limit cycle is unstable due to v 1 > 0. This is indeed a bistable phenomenon consisting of a stable equilibrium and a stable limit cycle. If restricted to the center manifold, the unstable limit cycle is a separatrix for the two attracting regions. In the three-dimensional space, trajectories converge to either the stable equilibrium or the stable limit cycle. However, it should be noted that here we are looking for only two limit cycles, and hence, we do not necessarily follow Lemma 2, which gives a sufficient condition for the existence of small-amplitude limit cycles. As long as under proper perturbation, we can find two positive roots from the equation: v 0 + v 1 r 2 + v 2 r 4 = 0, and higher-order focus values are small, then two small-amplitude limit cycles are obtained. Thus, we may take certain perturbations such that v 2 changes from negative to positive. For example, since D is allowed to take larger values, we choose D = 0.747814 and m 1 ≈ 3.528906, for which the focus values become
Thus solving the equation v 0 + v 1 r 2 + v 2 r 4 = 0 yields two positive roots: r 1 ≈ 0.039603 and r 2 ≈ 0.323967, which approximate the amplitudes of the bifurcating limit cycles. Moreover, the inner limit cycle is stable and the outer one is unstable. For this case, v 0 > 0 and v 2 > 0, so the equilibrium point E 1 : (X, Y, Z) = (0.160032, 0.731718, 0.731718) and the outer limit cycle are unstable, while the inner limit cycle is stable because of v 1 < 0. Hence, for this case the system does not exhibit bistable phenomenon, and all solution trajectories converge to the stable limit cycle.
Numerical simulation for one of the above two cases will be given in the next section.
Numerical Simulations
In this section, numerical simulations are presented to compare with the analytical predictions obtained in the previous sections. In particular, the comparison between the analytical and numerical results obtained for the Hopf and generalized Hopf bifurcations is given. In order to give a good comparison, for Hopf bifurcation we fix all parameter values, but α (or µ), which is treated as a bifurcation parameter. The parameter α is varied to show the stable equilibrium solutions E 0 and E 1 , and stable limit cycles. Moreover, we will choose a large positive value of µ, which means that this value is far away from the Hopf critical point α H , to demonstrate the blips phenomenon. While for the generalized Hopf bifurcation, we use the dimensionless system (35) and, besides the parameter m 1 treated as a bifurcation parameter (which is a function of α), we take D as the second perturbation parameter.
Having taken all parameter values, except for α, from Table 1 , it follows from Lemma 1 that the disease-free equilibrium E 0 is asymptotically stable for 0 < α < α t = 0.2025 × 10 −3 . Then, as α is increased to pass through α t , E 0 becomes unstable and bifurcates into the disease equilibrium E 1 , which is asymptotically stable for α t < α < α H = 0.7867×10 −3 . As α is further increased, E 1 becomes unstable at the Hopf critical point α = α H , leading to a family of limit cycles. The normal form obtained for the Hopf bifurcation is given in (27). Since υ 1 = −0.2016072570 × 10 −11 < 0, the Hopf bifurcation is supercritical, and the bifurcating limit cycles are stable.
To show the series of bifurcations, we vary the bifurcation parameter α and increase its value from a small one less than α t . We first choose α = 0.15 × 10 −3 < α t , with the simulation result shown in Fig. 2 , indicating that E 0 is asymptotically stable, which agrees with the analytical prediction. (23), then apply the normal form (27), the limit cycle solutions (29) and (30), and the output (32) from executing the Maple program [Yu, 1998 ] to obtain the following analytical approximations:
For 
1650079-18 W. Zhang & P. Yu The two sets of simulation results compared with the above two sets of analytical solutions are shown in Fig. 4 . It clearly shows a very good agreement between the simulation results and the analytical predictions, particularly for the smaller value of µ, as expected. The comparison result for µ = 0.3 × 10 −11 has been given in [Zhang et al., 2014] , but the detailed analytical formulas are not given there. To demonstrate the blips phenomenon, we choose a value of α = 0.3 × 10 −2 > α H , which is not close to α H , and so the normal form theory is not applicable for this value. The simulation result for this case is given in Fig. 5, indeed showing the blips phenomenon. Since the solutions of the system are positive and bounded, and the Hopf bifurcation induces oscillations, we expect that the system can have large-amplitude oscillating solutions (a persistent motion), and choosing appropriate parameter values can tune the frequency of the motion to become blips. The biological reason for the model to exhibit blips is as follows (see Fig. 5 ): the variable E grows very quickly in the absence of the variables R n and R d , and then R n responds very quickly (due to the EA term) and suppresses the E, but the R n does not last long. This explains how the adaptive and innate immune responses work too, against pathogens. But why is the E not eliminated like a pathogen would be? Maybe because the system is now "torn between two equilibria".
Finally, we present simulations for the bifurcation of two limit cycles obtained in the previous section. We consider the case with v 2 > 0, for which the parameter values are given by m 2 = 2.25, m 3 = 0.035,
We use the normalized system (35) to perform the simulation. The simulations are shown in Fig. 6 , with the equilibrium E 1 given at (X, Y, Z) = (0.1600, 0.7317, 0.7317). Figures 6(a)-6(d) show the convergence to the small limit cycle from different initial points, and in particular, a different scale is used in Fig. 6 (a) to show a zoomed region where a trajectory (with dots plotting) starting from an initial point close to the equilibrium E 1 converges to the limit cycle. Note that at the equilibrium point E 1 , the eigenvalues have a negative eigenvalue and a pair of complex conjugate with very small positive real part. Thus E 1 becomes a focus-saddle. Because E 0 is a saddle, there must exist a separatrix connecting E 0 and E 1 , and the trajectory starting from E 0 on the unstable part converges to E 1 as t → +∞. The two limit cycles are located on a center manifold which passes through the equilibrium E 1 . In order to show the unstable limit cycle, we restrict the system to the center manifold, which is obtained by assuming the center manifold expanded in the form of x 3 = x 3 (x 1 , x 2 ) = a 20 x 2 1 + a 11 x 1 x 2 + a 02 x 2 2 + · · · (up to fifth-order) and then using system (35) to determine the undetermined coefficients a ij . Then, transferring the form back to the original variables X, Y, Z we obtain the following equation:
The graph of the center manifold is depicted in Fig. 7(a) , which seems very close to a plane near the equilibrium E 1 . For the given parameter values in (48), we obtain the following differential equations up to fifth-order, describing the dynamics on the center manifold: 
The dynamics, in particular, the two limit cycles of the above reduced system are shown in Figs. 7(b) and 7(c) . Note that now the origin of the reduced system is an unstable focus, corresponding to the original equilibrium E 0 . The small stable limit cycle shown in Fig. 7(b) is obtained by using the initial condition (x 1 , x 2 ) = (0.0001, −0.0001), converging to the limit cycle very slowly. Figure 7 (c) shows both large and small limit cycles, and the outer unstable limit cycle is obtained by using the so-called "reversing time" simulation, that is, simply take negative time step in a regular numerical integration scheme. Thus, trajectories diverging from the unstable limit cycles become converging to the limit cycle. But this approach is not applicable for dynamical systems which have dimension higher than two. The simulation given in Fig. 7(c) can be transformed back to the original coordinates (X, Y, Z) by using the center manifold transformation x 3 = x 3 (x 1 , x 2 ) as well as (47), as shown in Fig. 7(d) .
The advantage of using the two-dimensional reduced dynamical system on the center manifold allows us to simulate the unstable limit cycle, which is difficult to do using the original three-dimensional system. A small drawback of this approach is that the center manifold (49) is not an exact or global expression, but an approximation. Hence, the trajectories not near the equilibrium E 1 may have deviation from real solutions, and the deviation becomes large for the trajectories being far from the equilibrium. It can be seen from Fig. 7 (b) that the small limit cycle has a very good approximation, compared with the analytical prediction r 1 ≈ 0.04. However, it can be observed from Fig. 7(d) that the large limit cycle slightly reaches negative values, which are not allowed since the solutions of the original system (35) are positive provided the initial conditions are positive. But it is still good enough to confirm the analytic prediction, in particular for the unstable limit cycle, at least qualitatively.
Conclusion
In this paper, we have given a detailed study on an autoimmune model, particularly for bifurcation and stability properties. The main attention is focused on the dynamical oscillating behavior of the model, which may lead to the interesting and important phenomenon -blips. After finding two equilibrium solutions and their stability conditions, we have paid particular attention to Hopf bifurcation which may occur from the disease equilibrium, since Hopf bifurcation is a necessary condition to generate blips. We have applied center manifold theory and the method of normal forms to give a detailed analysis on the Hopf bifurcation. We have obtained the exact analytical formulas for the approximate solutions of limit cycles, which are compared with numerical simulations to show a very good agreement between the simulations and the analytical predictions.
Moreover, we have also investigated the bifurcation of multiple limit cycles, which can cause complex dynamics in biological systems such as bistable phenomenon which may involve stable equilibria and stable oscillating motions. We have particularly shown that the autoimmune model considered in this paper can indeed exhibit at least two limit cycles due to Hopf bifurcation. The results show that it is possible to have bistable phenomenon consisting of a stable equilibrium and an (outer) stable limit cycle, and the unstable small limit cycle, restricted to the center manifold, separates the attracting regions between the stable equilibrium and the stable limit cycle. Also, it is possible to have an (outer) unstable limit cycle and an inner stable limit cycle, both of them enclose an unstable limit cycle. In this case, there does not exist bistable phenomenon and all trajectories converge to the stable limit cycle.
The bifurcation of multiple cycles studied in this paper for an autoimmune model reveals that multiple limit cycle bifurcation may be one of the sources to yield complex dynamics in biological systems and can be used to realistically explain complex dynamics in real physical systems. The method developed in this paper can be easily extended to study other nonlinear dynamical systems. It is anticipated that this study may promote further researches in this field.
